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The longitudinal emittance is determined by three ellipse parameters, o4,
013, 022, which can be calculated by three equations. There are only two bunch
length detectors in the transition section as shown in Fig.1. According to the
design data [1], the parameters of the longitudinal emittance at the exit of Tank-5
is: g = AXAP X AW, = 7x4.4°x4x412 (keV -deg)=T7.24 7(MeV-deg)=0.0126
x(MeV-rad) =2.5x10"®xeV-s (in 805 MHz), oy = 0, 8, = 43.2(deg/MeV).
Thus, o1y = 312.8deg?=0.0928rad? , 12 = 0, 533=0.1676 MeV2. In the space
of (Ag, AW), the transformation matrix in drift space is :
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Figure 1: The layout of the transition section



where Q = %,l is the drift distance. Assume L; =0.31m, the design pa-
rameters at the bunch detector-1, point A, are: oy; = 0.09556841, ¢y =
6.895 x 103, o33 = 0.1676.

If we will measure the emittance at point A, we get the first equation:

o1 = ¢} (2)

where ¢; is the measured half beam bunch length (the design value is ~ 17.7°). If
we use a thin-lens model instead of the actual buncher tank, the transformation

matrix from B to Cis:
Agp, uf B Y m1  ma Agy
AW, AW; - m21 ma2 AW;
- 1 0 Apy
a ( eVo 1 ) ( AW ) )

By the design data, after buncher AW, ~s 0.82MeV. The design value of ma,
may be estimated by the equation:

AW? = m} 0118 + 2ma10128 + 0228 (4)

The design value m3; =~ -2.4387944.
We can use different approaches for the other two equations, e. g.
(1) using a drift equation and a bunch equation: we have

Ada,,, = Dip,, 0114+ 2Dsp,, Dap,,0124 + Dip 0224 (5)
A¢3lunehcr—-n = R%;]”IIA + 2RB]1R3130‘124 + R%;;”’!A (6)

where Dap,, = 1,D4p,, = ﬂl_i%)W' Rp = DcpMpcDyp is the assembly
matrix from A to D.
(2) using a drift equation (5) and a debunch equation :

AP3ssuncher—en = BD,,0114 + 2Rp,, RD,,0124 + R} 0224 (M

where Rp = DepMpcDap with ma; > 0, e. g. ma; = +2.4388.

(3) using a bunch equation (6) and a debunch equation (7).

The design values of the bunch length in the thin-lens mode are as fol-
lows: the phase length at point D at buncher-off Ag,,,, =~ 20.35°, the phase
length at buncher-on ¢s,......, .. & 11.572°, the phase length at debuncher-on
A¢3dclunebav—on R 25.81°.

(4) using two drift equation (1) from T to A and T to D when Tank-5 is turn-
off, and one equation at point A or point D when Tank-5 is turn-on to calculate
the emittance at point T, then the emittance at point O can be theoretically
calculated and so on.



All the approaches reduces to solve the following equations:

Ac=F
@11011 + @12013 + 613023 = Fy = ¢?
21011 + 822013 + 63033 = Fy = ¢3 (8)

a31011 + 632012 + 633022 = Fs = ¢3

As known from the theory of linear algebraic equation, the error of the solution
of o, Ac, caused by the errors of the coefficients of A;; and F;;, AA and AF,
is determined by:

| acl) BAN-WAT ) (AW | | A4
el = l—llA‘lll-IlAAll(IIWll + nAn)
N waciy (LA [ AA]
~ nan-ia (frt+ 45 ®)

where || A || etc. are the norm of matrice A etc. Thus the error is determined
by the condition number CON D of the matrix 4 :

COND=||A|-||AY|>1 (10)

For an equation with a large condition number, a small error of the coefficients
of A and F will result in a large change in the solution of o. For the case of first
three approaches we have @;3 = @13 = 0, it becomes a two dimension equation,
so the condition number can be solved as follows :
COND = ! x (11)
| a22a33 — azaasz |
MAX{| a2z | + | asz |, @23 | + | ass [} - MAX{| @32 | + | asa |, | @22 | + | @2s |}

The condition numbers of the first three approaches are calculated as a function
of the buncher 1f amplitude and shown in Fig.2. It can be concluded that the
condition number is very large, that means a small measurement error in ¢, §¢,
e. g 8p/d ~ 1%, ¢ ~ 0.2°, may cause ~ 100% error in o, when CON D ~ 100.
In order to check this conclusion, the o;; are calculated at different value of ¢3,
the results are shown in Tab.1.



Figure 2: The condition number as a function of rf amplitude

Tab.l1  The effect of the value of ¢3 on the result
Method | ma1 | é1(°) | #2(°) | ¢a(°) o1 o12 o2 a

(1) -2.439 | 17.7 | 20.35 | 11.572 | 0.09543 | 0.007158 | 0.1673 0.1262
12.0 —_ _— — imag.num.
11.0 | 0.09543 | -0.1010 0.7250 0.2429
10.5 | 0.09543 | -0.1910 1.189 0.2775

(2) +2.439 | 17.7 | 20.35 | 25.81 | 0.09543 | 0.007047 | 0.1679 0.1264
26.81 —_ — — imag.num.
26.3 | 0.09543 | 0.02789 | 0.06039 0.0706
24.81 | 0.09543 | -0.03429 | 0.3810 0.1876

(3) +2.439 | 17.7 | 11.565 | 25.8 | 0.09544 | 0.006748 | 0.1685 0.1266
26.8 — — — imag.num.
26.3 | 0.09544 | 0.03126 | 0.0177 0.02669
24.8 | 0.09544 | -0.04087 | 0.4614 0.2058

As shown in Tab.1, an error of 1.0° may cause a unresolved equation. Therefore,
the accuracy of this method is questionable.

One better way to solve this problem is to measure the beam energy diver-
gency, AWy ;. If it is possible, we have :
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Flgure 3: The eﬁ'ect of measurement error on the calculated emittance.

a = yfonoan—of, (15)

The resulted errors of the emittance by an error of singular factor of ¢1, @2 or
AW, are shown in Fig.3. As shown, for the error of emittance of +30%, the
requisite accuracy is: 8¢ ~ 7°, AW/W = 0.2%. It may be acceptable.

By the way if we only use two phase length in drift space, we may know
the possible maximum emittance region is the parallelogram as shown in Fig.4,
which area is:

€mas = (_Aﬁ) + (ﬂ,) X 2Az = 4Az Az,7,
r pmaa p pmin L

CONCLUDION

(16)

(1) Theoretically, using two buncher detectors to measure the longitudinal
emittance is possible, and the equation is complete. However, the actual error



Figure 4: The possible maximum emittance region limited by two phase length.

may be very severe in our case. In order to check the accuracy of the solution,
it is suggested to calculate the value of condition number and to use some sets
of values of beam lengths caused by possible measurement error to investigate
if the solution is stable.

(2) A better approach is to combine the beam length measurement with the
measurement of beam energy divergency.
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